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ABSTRACT
We study the onset of scaling in deep inelastic scattering from quark- 
antiquark bound states (mesons) using covariant models. Assuming some 
simple non-confining interactions in 1 -1- 1 dimensions, we prove the self- 
consistency of the covariant models. The counting rules related to charge 
conservation, and to momentum conservation are the same as the bound 
state normalization condition. We also find a qualitatively correct quark dis­
tribution function. We investigate duality for the case of QCD2 (’t Hooft 
model). Solving some few body equations, we clarify the concept of confine­
ment and find a relatonship between confinement and quark-hadron duality. 
To understand how this duality sets in, we compute the distribution functions 
considering outgoing mesons only (hadronic calculation) which we compare 
to the distributions that assume outgoing with free quarks only (partonic 
calculation). Duality and scaling set in very early, but it takes a somewhat 
higher Q2 if all constituents are charged. The distribution functions and the 
bound state wave function have a similar shape.
viu
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Chapter 1 
Introduction
Hadronic structure is studied experimentally by performing deep inelastic
scattering (DIS) of electrons (or other leptons) on hadronic targets. The
so-called deep inelastic limit occurs when the four momentum transfer
Q2 = ->  oo (1.1)
while
* “ 2 ^  ( L2 )
remains constant. Here q is four-the momentum of the space-like photon 
that is transmitted from the lepton to the hadron, P  is the four-momentum 
of the initial hadron, Q 2 is the magnitude of the momentum squared, x is 
the Bjorken scaling variable which is bounded by 0 and 1. To understand
2
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3properly how observables behave in the deep inelastic limit, one needs to 
consider first the concept of duality.
1.1 Q uark-hadron D u a lity
Quark-hadron (or Bloom-Gilman) duality [1] means that in a certain kine­
matic regime properly averaged hadronic observables can be described by per- 
turbative Quantum Chromodynamics (QCD), as schematically represented 
in Fig. 1.1. Here / j l  is the mass of the ingoing meson, M  is the mass of the
Figure 1.1: Quark-hadron duality
outgoing meson, the triangle containing the T represents the bound state 
wave function of the initial meson, while <£ represents the wave function of 
the final meson. The RHS of this diagrammatic equation means that the 
square of the hadronic amplitudes has to be summed over the outgoing sates
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
4of mass M  and averaged Bloom and Gilman were the first researchers to 
comment on this phenomenon.
In this dissertation we attempt to determine in which kinematic regime 
this happens and how. In order to perform this task, we first build some 
very simple models of bound states on which to investigate DIS, we study 
the consistency of covariant models in terms of bound state normalization 
and counting rules, and then we study duality in DIS processes in th e ’t Hooft 
model, which is the simplest field theoretical framework that is adequate for 
this purpose.
The ’t Hooft model is QCD with a large number of colors (Nc) in 1 +  1 
dimensions (or more precisely, one space- and one time-like dimension, or in 
other words, a Minkowski plane). It has some technical advantages which we 
speak of later.
Before studying duality, however, we must consider the few body problem 
for the ’t Hooft model and we must understand confinement, since, as we 
will point out later, duality and confinement cannot be separated. As this 
discussion suggests, we need to consider some models for DIS as well.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
51.2 C ovariant M od els V ersus Q uark P arton  
M odels
In order to interpret the experimental results properly, one needs to have 
some theoretical model to understand DIS. There are two main kinds of 
theoretical frameworks that serve this purpose: quark parton models (QPM) 
and covariant models. Quark parton models are not directly based on any 
rigurous field theory, but they are phenomenological models that build in 
the assumption that all partons (quarks and antiquarks) are on-shell, while 
covariant models do not use such assumptions and are based on the few body 
equations. Few body equations (which are also covariant in the case of few 
body bound states) give an exact description of any system if all interactions 
are known and properly taken into account, and if one does not truncate 
the system of covariant equations. It is believed that truncating this system 
at a certain level does not destroy the credibility of the results. We prefer 
covariant models due to the fact that they are based on field theory and in 
some cases come directly from solving a Lagrangian non-perturbatively.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
61.3 P reviou s W ork o n  D u a lity
Many researchers have investigated duality through some specific examples. 
They have written several articles assuming weak decays in the case of t h e ’t 
Hooft model [2], [3] and [4]. More recently Isgur, Jeschonnek, Melnitchouk 
and Van Orden [5] have investigated duality' for four-dimensional large N c 
scalar QCD, assuming an elastic potential. Close and Isgur [6] have extended 
this work for fermion quarks. Previous to all these publications, Einhorn [7] 
has demonstrated analytically that duality holds in the case of t h e ’t Hooft 
model. This discussion, makes us to raise the question: why do we use this 
seemingly awkward dimensionality?
1.4 W h y  D o W e U se  1 -f 1 D im ensions?
One reason for using 1 +  1 dimensions is simplicity. A theory involving 
1 +  1 dimensions is simpler than a theory using the full four-dimensional 
Minkowski space. Another reason is the fact that some low-dimensional 
models are realistic enough, for example in the case of the Landau theory of 
ferroelectric or ferromagnetic phase transitions, that are zero-dimensional. A 
third reason is that even some QPMs use 1 +  1 dimensions, since the average 
transverse momentum is usually small. (Here transverse momentum means
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
7the component of the momentum of the partons that is perpendicular to the 
momentum of the virtual photon.) The fourth reason is that such models 
converge without the use of strong form factors or ultraviolet regularization 
schemes. And finally, the fifth reason that we have found scaling and a 
realistic quark distribution function for a simple model in such a space, as 
we will show in the next chapter.
1.5 O utline o f  th is  D isserta tion
In the Chapter 2 of this dissertation I describe two simple non confining 
models that involve point-like interactions in order to investigate the consis­
tency of the covariant models. In Chapter 3 I describe the ’t Hooft model 
in detail, give the solution of the one body equation, discuss the two-body 
bound states and confinement. In Chapter 4 I discuss the electomagnetic 
interactions of hadrons and make a connection between these and duality, 
including some numerical aspects of t h e ’t Hooft model and duality. Finally 
in Chapter 5 I give the conclusions of our efforts.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Chapter 2
Sim ple M odels o f DIS
As we have seen in the introduction, for any DIS process the in- and out-going 
hadronic states are bound states of quarks. On the other hand bound state 
wave functions are the solution of some covariant few-body equation. This 
means that the wave function, after it is normalized, is completely determined 
and does not admit any additional constraints.
Yet for any DIS process one encounters two (apparently distinct) counting 
rules:
[  d x f i { x ) =  (2-1)
i Jo
^ 2  f  d x x f i ( x )  =  1.
t Jo
8
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CHAPTER 2. SIMPLE MODELS OF DIS 9
Here x is the Bjorken scaling variable, i the quark flavor, a property of 
a quark, (such as up, down, charmed, strange, top, bottom) which is not 
conserved in weak interactions {i.e. those involving neutrinos), fi{x)dx  is 
the probability that the momentum fraction of the quark (or antiquark) of 
flavor i is in the range [x, x  +  dx\. According to QPMs, x  is the ratio of the 
longitudinal momentum of the quark and that of the composite hadron.
The first rule of Eq. (2.1) is directly related to charge normalization, or 
charge conservation. The probability that quarks (and antiquarks) of flavor 
i have the momentum fraction x  is fi(x)dx, and since the probability must 
be normalized to unity the first equation of Eq. (2.1) is true. Because for 
QPMs the dominant terms are the handbag diagrams (Fig. 2.1), in which
Figure 2.1: The handbag diagram
two photons must couple to the same quark line, it is easy to see that this 
first counting rule is the charge conservation in our case.
The second rule of Eq. (2.1) is the consequence of the four-momentum 
conservation. Since x is the momentum fraction, the momentum of the par-
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER 2. SIMPLE MODELS OF DIS 10
ton with the momentum fraction x  is xP, where P  is the total momentum of 
the composite hadron. So if we multiply this equation by P M (for any longi­
tudinal dimension) we have the conservation of the longitudinal momentum.
The second equation of Eq. (2.1) in reality is different, because there are 
gluons in the system, which, although they are uncharged, carry some of the 
momentum. It is believed that if we include gluons as well and take the deep 
inelastic limit, the right hand side of the equation is 1/2 [17]. In our simple 
models we do not have gluons, as we will see.
These two conditions that come from QPMs in the easiest way, impose 
restrictions on the bound state which seem to be additional constraints, dif­
ferent from the normalization condition. After normalizing the bound state 
wave function, we do not have enough freedom to impose any additional 
constraint, on the wave function.
While investigating this apparent contradiction, we justify these equations 
also with the help of our covariant models.
In order to elucidate this apparent incompatibility, we introduce two very 
simple models [14]. The first one is based on the assumption that the nucleon 
is a bound state of a scalar quark and a scalar diquark, while the second one 
assumes realistic spin 1/2 quarks. Both models have one space-like and one 
time-like dimension and include point-like interaction vertices for quarks and
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER 2. SIMPLE MODELS OF DIS 11
diquarks. It must be stated that spin as such does not exist in such a low­
dimensional space due to the fact that there is not enough freedom to perform 
rotations so there is no generator for a rotation, which means that there is no 
angular momentum. Although spin is a pathological quantity in our models, 
helicity is clearly defined, in perfect analogy with the real physical space [16].
To proceed with our proof of the fact that these two conditions are equiva­
lent to each other and equivalent to the bound state normalization condition, 
first we built the bound state of the quark and diquark (Fig. 2.2). We gener-
*C—  >: ' -|- Vr  ' ■
+  . . . =   1________
1— > = x
Figure 2.2: Bound state as a sum of bubbles
ated our bound state as a sum of bubble diagrams, in which each bubble is an 
integral over the quark propagator (S ) multiplied be the diquark propagator 
(£>):
m  =  /  ( f? F  ((P “  -  *>] ■ (2'2>
where f 0 is the strong form factor, which we equated to unity in case of our 
more specific 1 -I- 1-dimensional calculations. Here d is the dimensionality
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER 2. SIMPLE MODELS OF DIS 12
of the momentum space, and the strong form factor provides convergence, 
therefore we do not need it for d < 2 .
After determining the bound state we normalized it, we determined the 
strength of the bound-state constituents vertex, and computed the electro­
magnetic form factor by using the normalized wave function. The form factor 
indeed falls off as the four-momentum squared of the photon goes to infinity. 
We also gave a proof that the form factor is indeed gauge invariant, so charge 
conservation is satisfied in these covariant models. This proof was indepen­
dent of the number of dimensions, and we have used some nontrivial strong 
form factors in order to ensure convergence, but only for scalar constituents 
[14].
As a next step, we considered deep inelastic scattering (DIS). It is well 
known that according to Quark Parton Models (QPM), the dominant term 
is the handbag diagram, (Fig 2.1) whose analog in the covariant models is 
the square of the pole term, (Fig. 2.3) which is therefore naively expected 
to dominate. The fact that prevents this from happening is the gauge de­
pendence of the pole term. But the whole scattering amplitude, which is 
the sum of the pole (jff) term and rescattering term jj?, (Fig. 2.4), is gauge 
invariant. Therefore we cast each of these two terms into a gauge invariant
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER 2. SIMPLE MODELS OF DIS 13
Figure 2.3: The pole term
Figure 2.4: The rescattering term 
part [brackets] and a gauge dependent part
to
.
*a*
c II j H JP ' q q n 
Jp q 2 q + K g‘<r
Or =
■n j r  ■ Q „ 
J r q i q
, j r - q  
Q2
where the term in the bracket is the gauge invariant part. The gauge depen­
dent parts cancel out in the sum of the two terms, so we redefined each term 
as its gauge invariant part. We proved that the gauge invariant part of the 
pole term is the dominant term.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER 2. SIMPLE MODELS OF DIS 14
After having obtained the dominant term of a DIS process, we were able 
to compute some cross sections from which we separated the hadronic current 
tensor [17]:
<Pa a 2 ( E ' \
IF (2-4)dD.dE' q4 \ E
where E  is the energy of the lepton, a  is the cross section, Q is the solid 
angle describing the outgoing lepton, a  =  e2 is the fine structure constant, 
t-nv — 2(k^kt, 4- k'uk  ^+  g2) ^  is the leptonic tensor with k as the momentum 
of the lepton, q =  (u, qz) is the momentum of the virtual (space-like) photon 
exchanged in the process. The prime denotes the outgoing quantities, while 
the symbols without prime refer to the incoming ones. Since we keep all 
degrees of freedom for the lepton, we can use this formula safely. So once we 
have the cross section calculated from the gauge invariant part of the pole 
term, we can read off W ^ .
The hadronic current tensor is dependent upon the strong structure func­
tions Wi and W2 [17]:
( >  - * £ ) + $ ( / > ■ -  ( V  -  « ^ )  , (2.5)
where is the metric tensor, P  is the momentum of the ingoing nucleon, 
and M  is the nucleon mass. After determining the hadronic current tensor, 
we computed the structure functions for both models. For the case of the 
model that involves scalar quarks W\ falls off as Q2 —» oo, the way one would
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER 2. SIMPLE MODELS OF DIS 15
expect [17] and for the model that involves fermionic quarks we were able to 
verify that the Callan-Gross relation [7]:
(with v  as the photon energy) is satisfied. In the second case we also assumed 
that although there are 2  dimensions, we can keep the full space of the 
usual Dirac matrices. We explained this assumption by the analogy that 
within the QPMs one has basically two degrees of freedom for the momenta 
and more importantly by the fact that the perpendicular components of 
the momenta are small compared to the longitudinal components. Having 
the strong structure functions for both models, and using the relationship 
between the W2 structure function and the scaling function f (x )  [17]:
we determined the scaling function for both cases. Using these scaling func­
tions we showed that the first counting rule from Eqs. (2.1) is the same as the 
bound state normalization condition, therefore it is not an additional condi­
tion that would have rendered the bound state formalisms contradictory. As 
an additional result, we also proved that there is scaling [14] in these models 
and plotted the distribution function f (x)  (Fig. 2.5).
2MxWi  =  u\V2 (2 .6 )
uW2 —> xf(x) (2.7)
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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0.4
*  0.2
0.40 0 . 8 10.2 0.6
x
Figure 2.5: Quark distribution function as calculated assuming scalar quarks 
(dashed line), fermion quarks (solid line) and experimentally determined 
(dotted line). Masses have been used as parameters to fit the experimen­
tal data.
In order to study the second counting rule from Eqs (2.1), we introduced 
gravitational interaction into our models. We used a weak, external gravi­
tational field which we did not quantize. Gravitational field couples to the 
energy-momentum tensor and consequently to the momentum. Through a 
very general reasoning that assumed arbitrary form factors and dimension­
ality, we proved that at low momenta, although gravitational waves couple
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER 2. SIMPLE MODELS OF DIS  17
directly to the constituents and to vertices, they “see” the whole bound state 
as a single particle. In other words bound states and gravitational waves cou­
ple by an elementary point-like interaction which depends only on the mass 
and spin of the bound state. After this proof we gave a relationship between 
the bound state mass and the bubble function, which coincided with the nor­
malization condition [15]. We could prove this quantitative relationship only 
in 1  + 1  dimensions and with strong form factors that were equal to unity.
Thus, in case of these simple models we proved that the two conditions 
as given by Eqs. (2.1) do not impose on the bound state wave function any 
additional condition, but in fact they are equivalent between themselves and 
equivalent with the bound state normalization condition. Xext we are going 
to consider a more realistic model that has confinement.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
C hapter 3 
T h e ’t H ooft M odel
The model that is believed to be an exact description of quarks (and gluons) 
is called Quantum Chromodynamics (QCD), a theory which is based on the 
following Lagrangian:
£  =  —I r r  [G^G^] +  q { i D ^  -  m) q, (3.1)
with the usual notations:
A “ =  (3.2)
Gpi/ =  dfiAi/ 2 <7o A^ ]
Dfj =  df, +  igoAp,
where A% are the gluon fields with the Lorentz index // and the color index 
a, the Aas are the generators of the SU(3) color group, G ^  is the field
18
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CHAPTER 3. THE ’T HOOFT MODEL 19
tensor, q is the quark field, D  is the covariant derivative, m  is the quark 
mass (for a particular flavor) and go is the quark-gluon coupling strength. 
Since the theory dictated by this Lagrangean cannot be solved analytically, 
researchers propose two different (indirect) approaches: numerical methods 
and phenomenological modeling.
Numerical methods include lattice gauge theory (LGT) and the Feynman- 
Schwinger representation (FSR), all of which assume a Euclidian metric and 
are based on Monte Carlo methods of integration.
LGTs [1 1 ] assume that the whole space is contained in a cube whose side 
is about one fermi, which implies a quantized momentum space that has a 
lattice-like structure. That is how the name of this method originates.
FSRs [12] are theories in which the fields are integrated out, and whatever 
is left over are particle trajectories, which are discretized. These points of 
the orbits are integrated over using Monte Carlo methods. In this way field 
theories are reduced to quantum mechanics.
Phenomenological models are based on few-body formalisms such as the 
Dyson-Schwinger equations, the Bethe-Salpeter equation, the Gross formal­
ism, and many-body models. The phenomenological models owe their name 
to the fact that some of their input (mostly dressed gluon propagators, 
sometimes quark-gluon vertices) either come from computational simulations
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER 3. THE T  HOOFT MODEL 20
(such as lattice), experiments or the assumption on the part of the researcher. 
Most phenomenological models use the Minkowski metric, although there are 
some that are built in Euclidian spaces.
In 1974’t Hooft introduced an interesting approach to model QCD: he re­
duced the number of space-like dimensions by two and changed the number of 
colors (N c), considering the large N c limit. He also assumed an iVc-dependent 
coupling strength
9 0  =  v w ^ '  ( 3 ' 3 )
This substitution is necessary in the large N c limit since in order to compute 
the lowest order contribution to the quark self energy one needs to sum over 
the colors, so this means that the loop contribution is proportional to Nc, 
unless one rescales the coupling strength properly. As a consequence of this 
substitution the vertex corrections and the gluon self energy are supressed 
in the large N c limit. This justifies the quenched or rainbow approximation 
(which neglects vertex corrections and self energy insertions of the gluon 
propagator) in the case of the one body equation and the ladder approxi­
mation in case of the two body bound state equation. The symmetry group 
SU(3) is replaced by SU(N-c). The reduced number of dimensions causes 
the appearance a few additional features: the transverse (physical) gluonic
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER 3. THE ’T  HOOFT MODEL 21
degrees of freedom are missing and the gluon exchange produces quark con­
finement.
He performed his calculations by using the light cone coordinates and the 
light cone gauge. For any two-vector b the light cone components are defined 
as follows:
6  + =  - L ( b °  +  b‘) (3.4)
which means that the scalar product of any two vectors a and b transforms 
into a+b_ +  a_6 +. The derivatives can be redefined as well:
a- =  a ^  = > ° - al> = ^  + ^ > ’
=  (3 '5)
consequently the divergence of a vector transforms into:
d0b° +  d ifc1 =  d-b+ +  d+b- . (3.6)
The light cone gauge means that A _ =  0, consequently the commutator 
contained in the field tensor G +_ disappears and the only non-vanishing 
gluonic component will be completely determined as we will soon see.
In this parametrization the QCD Lagrangian becomes
C =  ]-Tr [(d_A+)2] +  q ( id+y-  +  i d - y + -  g0y - A + -  m) q. (3.7)
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From this Lagrangian we can immediately derive the equation that deter­
mines the gluonic field:
( ^ ^ ) 2^+ =  9oCLl-<l- (3-8)
The solution of (3.8) is
A+(x+,x_) =  a  f  d y+q(y+ ,x - ) i+q(y+,x - ) g ( y + - x + ) ,  (3.9)
where the Green’s function G is given by:
G{y+ -  x+) =  \y+ -  x+\ +  ci(y+ -  x+) +  c2. (3.10)
The coefficients Ci and c2 cannot be determined without knowing the bound­
ary conditions, so they are free parameters. This means that the gauge 
condition did not eliminate all freedom, just as the Coulomb gauge does not 
determine uniquely the photon propagator in QED (Gribov ambiguity) [17]. 
We can therefore set them equal to zero to simplify our calculations.
The Fourier transform of the Green’s function Eq. (3.10) gives us the
gluon “propagator”, or more precisely the momentum dependence of the 
effective quark-quark interaction:
1 r°° df.
D (k-)  =  w - 6 ( k - ) J _ ' o l ^ .  (3.11)
The second term in Eq. (3.11) was first introduced by F. Gross and J.
Milana [13], in a different context. Its purpose is to make the potential zero
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at x+ =  0, as required by Eq. (3.10). Note that in our case this comes 
naturally, due to a simple Fourier transform. Before we quantize the theory, 
it is useful to state the anticommutation relations the +  and — components 
of the 7  matrices are bound to satisfy:
{ 7 - . T - }  =  { 7 + .  7 + }  = 0 ,
{ 7 + 1 7 -}  =  2. (3.12)
The (undressed) Fermion propagator is
k-'y+ +  k+7-  +  m 
So{k) ~  2k+k - - m *  +  ie (3'13)
and the quark-” gluon” coupling is
- i V  =  - i 0 o7 _. (3.14)
In the next section we can solve the one body equation for the dressed quark 
propagator, which we need in order to solve the two body (qq) bound state 
equation.
3.1 Quark D yson -S ch w in ger E quation
To understand bound states and confinement better, we must know the 
dressed single quark propagator (S(p )), which is the (one body) Dyson
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Schwinger equation (DSE):
S (p) =  So(p) +  ig2S ( p ) l I  D (k _  p) T_S(*)7 _]S'0 / (p), (3.15)
that we represent graphically in Fig. 3.1. The wavy line represents the
strong interaction, the thin line the unperturbed quark propagator and the 
thick line signifies the dressed quark propagator. The rainbow approximation 
(undressed vertices) and the absence of the quark loops from the gluon prop­
agator are justified in the large Nc limit [8 ]. As we have mentioned earlier 
while introducing the large N c limit, for every internal loop there is a factor 
of a 2 =  g2/N c, and a multiplicative factor of Nc, the color dependence disap­
pears. We have also mentioned that the dressing of the gluonic propagator 
and quark-gluon vertex are supressed in the large Nc limit.
In Eq. (3.15) cPk =  d k-dk+, and since D  does not depend on k+ , we 
can immediately see that the integral does not depend on p + either. We 
parametrize the full quark propagator in the following fashion:
+
Figure 3.1: Quark Dyson-Schwinger Equation
S '^P> 2 p_ (p+ -  S i - i )  _  m 2  +  ic ’
(3.16)
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where the self-energy contribution is defined as
=  ~ ^ H l dk- dk^ k- p- h k_ k+ -  t - £ k - )  -  m» +  <3'17>
We perform the A:+ integrals first:
f dh+2k-.k+ -  *_£(A:_) -  m2 +  ie =  (3’18)
We substitute this back into Eq. (3.17) and find that
E (p-) =  - ^ 2 1 dk- D (k-  ~ P - ) si9(P-)- (3-19)
Substituting into this D (k_ — p_) as given by Eq. (3.11) and integrating over 
k_ we find that
£(p_) =  — (3. 20)7rp_
We substitute it back into Eq. (3.16) in order to find the dressed quark 
propagator:
2
(k+ — d?-r)7 _ +  k - 7 + -1- m
S(p) =  — -----------------------------  . (3.21)
V ; 2k+k .  -  (m2 -  £  -  ie) V '
We can see that the interaction has modified the location of the mass pole:
m 2 —> M 2 =  m2 — — . (3.22)
7T
Had we kept the free parameters Ci and Ci we would have obtained a different 
result:
E (p_) =  - j L  +  3 i „ - ff(p_). (3.23)
7rp_ 27rp_
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(Note that the parameter c2  makes no difference at all.) This fact means 
that the location of the mass pole is gauge dependent, and we will discuss 
this fact at the end of this chapter.
Having obtained the dressed propagator, we are able to proceed with the 
two body bound state calculation.
3.2 T w o-body B o u n d  S ta tes
Consider a bound state of a q-q pair. Let the quark have dressed mass mi  and 
electric charge e\, and the antiquark (which might be of a different flavor) 
have dressed mass m2 and charge e2. Let the momentum of the bound state 
be r, the momentum of the quark be p and the momentum of the antiquark 
be r  — p. We label the bound state wave function by F (p ,p — r). The wave 
function is given by the Bethe-Salpeter Equation (Fig. 3.24):
f d? fc
T ( p , p - r )  =  ig2 J  -— - y D ( k - ) ~ t - S 2( p + k - T ) T { p  +  k , p  +  k - r ) S i ( , p + k ) - f - ,
(3.24)
where Si  and S2 are the quark- and antiquark propagators, respectively. 
With the substitution T(p,p — r ) =  7 -ij}(p,p — r ) [8 ] Eq. (3.24) becomes:
^  _-/n_ \ 2  f  <Pk D (k - ) (p  +  k)-{p +  k - r ) - t p ( p  +  k ,p  +  k - r )
i , ( p , p -  r ) = r ( 2 g )  j  ^ --------------------[(p + k ) * _  m *][(p + k  _  r ) 2 _  mi]  •
(3.25)
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p-r
f(p .p -r)
Figure 3.2: The Bethe-Salpeter equation 
We define the equal x + wave function in the following manner:
r t L , r . )  =  r  dp+ l^ - ^ * (P\P2 - r \ V (3.26)J-oo ( j ? - r n \ )  { { p - r ) 2 - m i )
substitute it back into Eq. (3.25) which becomes:
^(P,P — r) =  ~ n f  dk_D(k-)ip(p_ +  k - , p -  +  k -  — r_). (3.27)
—«7TZ J
We can see that ip{p,p — r) does not depend on p_. Multiplying both sides of 
the former equation by |j?-(p—r)_]/[(p2 —m?)((p —r)2—m2)] and integrating 
over p+ we have
,  ^ ~ 92 0 ( -p _ ) 0 (p- -  r_) -  0(p-)0(r-. -  p_)
< p ( p , p - r ) =  ^ 2 ------- ------
J  dk-D {k - )p {p -  +  k - , p -  +  k -  — r_). (3.28)
Before proceeding with this equation let us focus on the relationship be­
tween the full wave function ip and the equal X-  wave function. If r_ >  0 it
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means that 9{— p_)0(p_ — r_) =  0 because p_ >  r_ >  0 and —p_ >  0 can­
not hold simultaneously. Consequently 0(—p_)0(p_ — r_) =  0(—p_)0(p_ — 
r_)0(—r_) and likewise 6(pJ)9(r- —p~) =  0(r_)0(p_)0(r_ —p_). Using these
<p, which is Eq. (3.26) we can find the relationship between if) and <p:
In the next section where we compute the hadronic currents we return to 
this relationship.
Now transform Eq. (3.28) into a more useful form that can be fed into the
and wave functions and assume only positive values for r+ . The remaining 
theta functions limit the range of p_ as 0  <  p_ <  r_, multiplying both sides 
of Eq. (3.28) by the denominator of its right side, substituting back into it 
the form of D  found in the previous section (assuming that Ci =  c-i — 0), 
we transport the terms involving the masses on the right side, and finally we 
multiply both sides by r_. We also introduce the notations
two identities, the fact that ip does not depend on p+ and the definition of
<p(p,p-r) =  —
7T2 0(— pJ)8(p- — r - ) 0 { —rJ) — 9{pJ)6{r_ — p_)0 (r_) i p (p ,p - r ) .m, 7/45 ^
2p_ 2 (p_ -r_ )  r +
(3.29)
computer in order to obtain numerical solutions for the bound state masses
2 27rr+r_ (3.30)
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a 2
x =
■Km\
0 5
s r
r_
k..
y  =  — ■r_
After doing the previously described transformations and applying the former 
notations, Eq. (3.28) becomes
2 / \ (<>■ i , <*2 \  ,  ^ „  f 1 j  ¥>(y> r) -<p(x ,r)  /oolN
V>(*. >-) =  ( -  +  ¥>(*. O -  ^  ------( ^ 5 ----- • (3-31)
We solve this equation numerically. In order to do this, expand the wave 
functions in terms of cubic splines (imposing the boundary condition that 
they vanish at 0 and 1). Then multiply the equation by each spline and 
integrated it over x. This gives a matrix equation that we solve with the 
standard eigenvalue subroutine packages.
To investigate the stability of our solutions, we plot the bound state 
masses versus order (Fig. 3.3), the first (Fig. 3.4), the second (Fig. 3.5), 
the third (Fig. 3.6), and the fifteenth (Fig. 3.7) bound states in terms of 
x. For each case we plot the results by using twenty splines and after that 
we plot the very same functions by using fourty splines. Note that there is 
a very good overlap for the first three bound states, but as Fig. 3.3 and 
Fig. 3.7 indicate, the states whose order is close to the number of splines
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are inaccurate. For these calculations we have used equal dressed quark and 
antiquark masses of 5 MeV and a coupling strength of 5 MeV as well.
1000
S'
8CO
E
££to•oc3
£
500
•  20 splines 
o 40 splines
10 20
order of the state
30 40
Figure 3.3: The bound state mass versus the order computed by using 20 
splines and 40 splines
Before considering interaction of composite hadrons with electromagnetic 
waves, we must first consider confinement.
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—  40 splines 
- -  20 splines
1.5
-e-
0.5
0.5
x
Figure 3.4: The ground state computed by using 20 splines and 40 splines
3.3 C olor S in g let S ta tes an d  C on fin em en t
In order to understand duality, we need to understand confinement first, 
because duality and confinement are intimately related. Confinement in the 
plainest sense (which we will describe better in the next paragraph) means 
that one is unable to find asymptotically free quark and gluon states, only 
bound states. Let us suppose for the sake of our argument that free quark 
states do exist. This would mean that the partonic DIS process, in which the 
outgoing state involves two free quarks, would not only exist, but would also 
dominate any DIS process. All bound state transition form factors (finite or
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  20 splines
 40 splines
-e-
-2
0.5
x
Figure 3.5: The second state (first excited state) plotted using 20 splines and 
40 splines
infinite in number, but having an upper energetic limit) would vanish at large 
Q2, and the density function would be accounted for by the partonic process. 
This would contradict our definition of duality. Consequently confinement 
and duality are unseparable.
Confinement is generally believed to be realized in two (apparently differ­
ent) ways: complex or infinite mass pole for the quark, or vanishing bound 
state wave function for the case when all constituents are on the positive 
mass shell (Fig. 3.8). In the first case the quarks that are on-shell cannot be
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- -  20 splines 
—  40 splines
- 1
-2
0.5
x
Figure 3.6: The third state using 20 splines and 40 splines
physical, while in the second case although quarks can be on mass shell and 
physical at the same time but bound states cannot decay into quarks.
We adopt an alternative way to look at these ways of confinement, fol­
lowing Einhorn [7], Callan, Coote and Gross [9]: we accept that these two 
ways are equivalent due to different gauges. In one gauge (more precisely, 
in that which we use) quark mass poles are finite and real (so in principle 
quarks could propagate), but the wave function vanishes if both quarks are 
on shell. To see this, let us take a look at the Eq. (3.29), which implies that 
there is a proportionality between cp and ip. The proportionality factor con-
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0.5
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Figure 3.7: The fifteenth state using 20 splines and 40 splines
2 2
tains a multiplicative term which is — 2(?.[W-r-) — r+ . When both particles 
are on shell (m \  =  2p~p+, m\  =  2(p_ — r_)(p+ — r+)), this factor becomes 
p+ — (p+ — r+) —r+ which is zero. In another gauge (where the subtracted 
term has been left out) quark mass poles are infinite [8]. These two ways of 
confinement are therefore not exclusive, but equivalent, since they are related 
through a gauge transformation. An alternative way to understand confine­
ment is this: the fact that the location of the mass pole is gauge-dependent 
means that it does not have any physical sense since only gauge invariant 
quantities have physical meaning. Here we have an example of a real and
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Figure 3.8: Confinement via two-body interaction
finite mass pole which does not mean deconfinement. Quark masspoles are 
unphysical because of the gauge dependence, mesons are physical due to the 
gauge invariance of the bound state equation. We can generalize this state­
ment: although propagators are gauge-dependent, the location of their pole 
has to be gauge-invariant for any physical state (in our case color singlets) 
and gauge-dependent all other states (color multiplets).
Yet another proof of confinement is based on the fact that the two-body 
equation involves a single variable that is restricted to a finite interval. In any 
finite interval the discreet set of sin and cos functions forms a complete set. 
If we have as our boundary conditions the requirement that the scattering 
amplitude must vanish, we can discard the cos functions. The eigenfunctions, 
on the other hand form another basis. Since both bases span the same space 
of functions, their cardinal number must be equal. Because the cardinal 
number of a discreet and continuous set can never be equal, the scattering
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amplitude can never involve a continuous part of its spectrum, and this lack of 
freedom eliminates the free states which would mean a continuous spectrum.
As a consequence, let us note that a partonic process represented in Fig. 
3.9 can never occur because we do not have enough freedom in our model in
Figure 3.9: Partonic amplitude
order to include the free two-quark states.
In conclusion confinement not only means that mesons cannot decay into 
quarks, but that they cannot be broken up by external factors either. There­
fore this process can never occur, but we study it only to prove duality.
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Chapter 4
E lectrom agnetic Currents and  
D uality
In order to investigate duality, we first consider the partonic process, which 
assumes a free quarks in the final state, and then compute the scaling func­
tion. After that we consider the realistic case when final states are composites 
only (see Fig 4.1 in Section 4.2). We finish this chapter by calculating the 
scaling function in the second case. After taking the deep inelastic limit for 
the second calculation numerically, we are able to see if there is duality, and 
if there is, how fast it sets in.
To investigate these processes properly, one needs to know the electromag­
netic vertices that are involved in our theory. Although the strong interaction
37
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is unaffected by radiative corrections, as we have discussed earlier, dressing 
the electromagnetic vertex is non-trivial and does make a difference because 
the electromagnetic interaction has nothing to do with the number of colors. 
To avoid computing the dressed electromagnetic vertex (rM) directly, we rely 
on the fact that it should satisfy the Ward-Takahashi identity:
« „ r ' ‘ =  s - 1 ( p 2 ) - s - ‘ ( p i ) ,  ( 4 . i )
with pi -h q =  p2 - We use the dressed quark propagators here as input and 
find that
r _  =  7 - j
r +  =  7 +  +  £ ~ r -  ( 4 -2)27TPi _P2-
Consequently the — component is unmodified.
It is interesting to note that the hadronic currents are gauge invariant. 
In order to see this, we need to apply the Ward-Takahashi identity that
is satisfied by the quark-photon vertex and the Bethe-Salpeter equation.
On the other hand, the partonic currents are gauge-dependent. In order to 
eliminate this gauge-dependence, we use the covariant prescription defined 
in the Chapter 2. For this purpose as well as for the sake of our future 
calculations, it is useful to mention the fact that in the center of mass frame, 
computed in the deep inelastic limit, the momenta of the ingoing virtual
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photon and initial meson are:
Q+= Q\
' 1  — x 
2x
‘ _  fi2x( 1  -  2x) 
2 Q2 ( 1  — x)
Q- =  - Q a
x
2 ( 1  - x )
p, _  £  j x { l - x )
+ QV 2
1 +
1 +
P' = Q
yj2x{l  — x) 
as we calculated them in [14].
Our scheme will read as follows:
J -  =  3-,
1 -
fj?x(l — 2x) 
2 Q2 ( 1  -  x)
ti?x( 2x2 — 1 ) 
2 Q2 ( 1  -  x)
fj?x( 2x2 — 1 ) 
2 Q2 ( 1  -  x) +  . . .
9+ •
- J J -
1  — x
X
(4.3)
(4.4)
Here the arrow represents the deep inelastic limit.
After having discussed qualitatively the processes that are involved, we 
are able to compute their amplitudes and the scaling functions given by those 
amplitudes. In the next subsection we compute the partonic amplitudes and 
scaling functions, after which, in the subsequent subsection we repeat the 
same things for the hadronic processes.
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4 .1  P arton ic C alcu lations
Let us assume the following scenario: a hadron is hit by a virtual photon and 
decays into two quarks (Fig. 3.9). We consider that this process happens in 
two ways: either one particle is hit or the other. In the center of mass of 
the ejectiles, either particle can go forwards or backwards and we even have 
helicity as an external variable. We must sum over all these possibilities. The 
investigation of such a process would happen as follows: we would compute 
the currents, substitute them into the hadronic tensor from which we can 
express the density function as we did previously. Start by taking a closer 
look at the currents (Figure 3.9). The outgoing quark has a mass of mi 
and momentum of p[ in the center-of-mass frame of the ejectiles, while the 
antiquark has a mass of m 2 and momentum of p'2. The algebraic form of the 
negative component of the current is
_  f2el 'ip(p'l -  q', -p '2){p'i - Q ' ) ~  2e2^ (pj, ~P2 + g')(~P2 + q ')-
L (Pi “  9')2 ~  m l (-P 2  +  q' )2 ~  m l
m(p! )7 - w(p2)> (4-5)
Using the same kinematical formulas for the ingoing particles as previously, 
we have also determined the momenta of the ejectiles in both cases. If in 
the center-of-mass frame the quark moves in the positive 2  direction and the
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antiquark in the negative z  direction, we found their momenta to be [14]:
Pi+ — Q\
Pi-  =
' 1  —  X
2x
x(n2 -  2ml)  
2 Q * { l - x )
ml x
Q Y 2( 1 - * ) L  2Q2( 1 - x)
(4.6)
m% x
Q V 2 ( l - x )
x(fi2 — 2m\) 
+  2 Q2 ( 1  — x)
f>2- — Q\
' 1  — X
2x
_  x{n2 -  2 m 2) 
2 Q2 ( 1  — x)
while in the other case they are
Pi+ =
2 a;
Q V 2 (1 - x )
xjfj,2 -  2ml)  
2 Q2 ( 1  — x)
(4.7)
p [-  =  Q\
T - x
2x
' _  x(ju2 -  2ml) 
2 Q2 ( 1  — x)
P2+ =  Q\
Pi-  =
' 1  — X
2x
mt. x
Q V 2(1 — x)
xjfj2 -  2 m?) 
2Q2(1 — x) "h -
x (y 2 - 2  m 2) 
2 Q2 ( l - x )
With these substitutions, in the first case the current j _ becomes
3-  =  -ei<p(^)^(pi)7-'y(p/2). (4 -8 )
and in the second case it is
(4.9)
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Use these currents and the following equations,
2 ^ L ) (2’r>'5(2>(p/  -P<> <  > <  M l-/>  >'
^  = -  (a~ -  ^  ^  (p“ -  C4-10>
which we borrow from [17]. Here is the hadronic tensor W\  and W2 are
the structure functions, and f (x )  is the quark density function. Then, after 
summing over the helicities and using the same normalization as in the next 
subsection, we find the structure function
w 2 =  ~qT~[eim i ( x ) +  elml<t>2(l  -  x)]. (4.11)
f (x )  =  u2W2 =  — [e\m\(j)2(x) +  e^ m ^ ^ l — x)], (4.12)
which we call the partonic scaling function or distribution function. Here the 
charges have to be the normalized ones (et- —> e ,/(e  1 + 6 2 )). After performing 
our numerical calculations, we are able to plot this function. In the next 
subsection we proceed with the study of the very same DIS process but we 
assume that only bound states can be the outgoing states.
4 .2  H adronic A m p litu d es
Let us imagine that the q-q pair, when it is in its ground state (that has 
a mass n) is hit by a virtual photon and the resulting particle is another
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER 4. ELECTROMAGNETIC CURRENTS AND DUALITY  43 
bound state that has a mass M  (Fig. 4.1). Label the ingoing state with i,
M
P+ q
P+k+q
Figure 4.1: Hadronic currents
the outgoing state with o, the momentum of the initial hadron with P,  which
we assume to be at rest. We also assume that the momentum of the ingoing 
(space-like) photon is q. Our process consists of two contributions: in the 
first case the particle of mass m i interacts directly with the electromagnetic 
field and in the second case with the other constituent of mass m2 . The whole 
process is represented by the sum of the two Feynman diagrams representing 
each of these two possibilities. Consider the first case first, and restrict our 
attention to its negative component:
After doing the k+ integral, we substitute the full wave functions as functions 
of the reduced argument wave functions and we note that because of a prod-
(4.13)
T t (7 - S l (* +  P 'n - S d k  +  q +  PYt-S.Ak)}.
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uct of 6 functions the integration range of k -  becomes finite: —P _ /2 — q- <  
k_ <  P _/2 . We also make the substitutions k_ =  z(P_ +  qj) — q_ — P _/2  
and y  =  z( 1 +  <?_/P_) — q~/P~ so the current itself transforms into
A4i_ =  ^ C P -  +  9-) f o dzip0(z)cpi ^z(l +  y ) -  • (4.14)
Similarly we can compute the other contribution of the current and add that 
to our previous result, which is
M 2-  =  ^ ( P-  +  9-) f Q dzcp0(z)(pi ^z(l +  y ) j  . (4.15)
hence the total current becomes
M ~  —  (P- +  9- ) f  dz(p0(z)7Td JO
ei<Pi ^ (1  +  j r )  -  j r j  +  e 2 <Pi ^ (1  +  y ) ^  . (4.16)
Having determined the current, we can normalize the wave functions. To do 
this we substitute q =  0 and i =  o into (4.16) whose LHS we set equal to 
2P_(ei +  e-i) and find that
dzcp?(z) =  y .  (4.17)
By introducing the following set of functions that are normalized to unity
M x ) =  (4-18)
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER 4. ELECTROMAGNETIC CURRENTS AND D U A LITY  45
we end up with the following form for the current M —
M -  =  2 (P-  +  q~) f  dz(j)0{z)
J o
^ (1  +  p - )  — +  e2(t>i (4.19)
We use this current to compute the structure functions and the scaling func­
tion in the same way we did it in the previous subsection for the case 
of the partonic process. As in our former paper [14], we use two dimen­
sions for the hadronic degrees of freedom and four dimensions for the rest 
of the system. Therefore Px =  Py =  qx =  qy =  0, by construction and 
< M\Jx\fj, > = <  M\Jy \fj, > =  0, consequently Wi =  Wxx =  W yy =  0. The 
only term that contributes to the hadronic current tensor is W2, which can 
be computed by contracting W^:
w *  “  ( 4 ' 2 0 )
Making use of the relationship between currents and hadronic tensors (Eq. 
4.10) and the relationship between the +  and — component of the currents 
(gauge invariance) integrating over the delta functions, transforming the ar­
gument of the remaining 6 function we find that
m  Q*(Q2>1+  V * » ) y T T 5 § F - l ¥ f ( l  xm](1 x'm)2 (4'21)
x Jjf dz<f>o(z) [e-i4>i(z{ 1 -  x'M) +  x'M) +  e2(f>i(z( 1 -  x'M))\ ,
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where the scaling parameters xm  are defined as
We proved in the previous subsection that the quantity that scales in the 
partonic case is
which we call hadronic scaling function or distribution function. It does not 
scale in our case because of the delta functions whose location moves with Q2, 
but if duality holds, its smooth average should scale. We did this averaging 
in two ways.
Our first way of averaging was this: we computed the width of the interval 
belonging to one peak. The peak located at xt- is considered to be between 
(xi+i +  Xi)/2 and (xi - 1  + x t-)/2. So we can say that the interval within which 
our peak is lying has the length defined by 2 /(x I_1 — xt+1). We divide the 
strength of each 8 function by this quantity, the result is the value of our new 
distribution function belonging to the argument x t-, which we plot together
™  Q2 +  M 2 -  fx2
Q2 (4.22)
and we use the notation
x'm(xm ,Q2) =  = X M +  0 ( 1 /Q 2). (4.23)
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with the distribution function calculated from the partonic process. We will 
introduce the another method of averaging later. Now let us present our 
numerical results in order to be able to study and understand duality.
4.3  N um erical R esu lts
Maintaining our same value for the quark masses and strong coupling strength 
as in the case for which we solved the bound state equation, and considering 
that only one of the constituents has electric charge, we plot the hadronic 
and partonic distribution functions on the same graph (Fig. 4.2). By look­
ing at Fig. 4.2 we can see that the scaling function becomes independent of 
Q 2 at relatively small Q2, namely at 2-3000 MeV2, meaning that the Q2/(J? 
ratio is in between 17-25. Deep inelastic limit for us, in analytic terms, is 
Q 2/ n 2 —y oo limit. Our system approaches its deep inelastic limit surpris­
ingly quickly. We can also see that in the deep inelastic limit the partonic 
and the hadronic distribution functions overlap very well for any x that is 
not too close to the ends. It is also noticable that our numerical calcula­
tions become noisy when the order of the bound state reaches the order of 
the splines. Even at such a low Q2 we needed 192 splines for a considerable 
accurancy. Next, we repeat the same calculation for 2ei =  e<i =  2/3 MeV, 
mi  =  2 MeV, m2 =  g =  5 MeV and plot the scaling function and its smooth
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average for 500 MeV2 (Fig. 4.3). As our second way of averaging, we assigned 
a gaussian profile to each delta function in order to visualize the oscillations 
better. Note that in the region where the peaks are more dense the gaussian 
curves add up to their smooth average. Since due to the non-vanishing anti- 
quark current (and hence the non-zero interference term) the oscillations are 
more enhanced than in the previous case so the averaging process proposed 
previously does not suffice unless we perform a polynomial fit on its results 
or alternatively we assign a finite width to each peak. After having shown 
how our second way of averaging works, we choose to use a 10th degree poly­
nomial fit on the results obtained by the first method and we show that the 
smooth curves are overlapping. Let us illustrate that the simple averaging 
does not work any longer by plotting the averaged scaling function (without 
the polynomial fit) and the smooth average (that includes the polynomial 
fit) for the same system but choosing Q2 =  1000 MeV2 (Fig 4.4). In order to 
illustrate our point better, we redo this plot for Q2 =  2000 MeV2 (Fig. 4.5) 
and for Q2 =  3000 MeV2 (Fig. 4.6). Now let us put together the smooth 
curves from the last three graphs and the partonic curve on the same graph 
(Fig. 4.7). As one can see, oscillations are getting more dense for smaller x. 
Duality sets in rather early in this case too, but due to the interference term, 
slower than in the case when only one of the particles is charged. When both
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particles are charged, the amplitude of the oscillations is bigger. Although 
the peak of the ground state wave function is between 0 and 0.5 (Fig.4.8), 
the deep inelastic limit of the hadronic scaling function peaks between 0.5 
and 1 because e\m\  is smaller than e^m .^ We can see how the smoothing 
process eliminates the oscillations that arise due to the interference term.
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Figure 4.2: Hadronic scaling functions for different Q2/ fj,2 ratios and the 
partonic distribution function assuming uncharged antiquark. The minimum 
x  at which the function can be reliably calculated depends on Q2\ x-min — 
q 2+m2 _ m2 ) where Mmax is the mass of the state where the two body equation 
breaks dowm for a given number of splines
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Figure 4.3: Hadronic scaling function for 2ei =  e2 , mi  =  2 MeV and Q2 =  
500 MeV2 and its smooth average
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X
Figure 4.4: Hadronic scaling function for 2e\ =  e2 , m\  =  2 MeV and Q2 =  
1000 MeV2 and its smooth average
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1.5
X
Figure 4.5: Hadronic scaling function for 2ei =  e2 , mi =  2 MeV and Q2 =  
2000 MeV2 and its smooth average
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Figure 4.6: Hadronic scaling function for 2ei =  e2 , mi — 2 MeV and Q2 
3000 MeV2 and its smooth average
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Figure 4.7: Smooth hadronic scaling functions for Q2/fJ? =  16.13, 32.26 and 
48.39 (or for Q2 =  1000, 2000 and 3000 MeV2) and the partonic function
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Figure 4.8: Ground state wavefunction for mi  =  2 MeV, m2 =  g =  5 MeV
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C hapter 5
C onclusions
We have learned that scaling is possible even in 1 +  1 dimensions with the 
most trivial dynamics. This was known previously but there was no proof 
of it within the framework of covariant models. We have also seen that the 
momentum and charge conservation counting rules are equivalent with the 
bound state normalization condition. Since these simple models have only 
one bound state, they are not a good candidate to study duality.
The most natural candidate for this purpose in 1 +  1 dimensions is the 
’t Hooft model, which due to its confining quark-antiquark interaction pro­
vides an infinite of bound sates. We have found that the general definition of 
confinement is this: the propagator of color multiplet systems have a gauge 
dependent pole, therefore they cannot be physical, while color singlets have
57
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a gauge independent masspole, therefore they are the only physically mean­
ingful states. We illustrated this statement in case of the one- and two-body 
states. We have also proven that the two previous concepts of confinement are 
equivalent, namely unphysical masspole for the quark and vanishing bound 
state wave function for the case when both constituents are on-shell. We 
have seen that duality holds in th e ’t Hooft model and sets in together with 
the deep inelastic limit, at a rather small momentum squared. Note that 
in other models, such as in [5] it is possible that duality sets in before the 
deep inelastic limit, so this feature might be a characteristic of t h e ’t Hooft 
model. Oscillations in the density function are caused by the discrete set of 
bound states. Oscillations have a bigger amplitude in the case where both 
constituents are charged compared to the case where only one particle is 
charged.
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